Modified uncertainty principle and non-commutative variables may phenomenologically account for quantum gravity effects, independently of the considered theory of quantum gravity. We show that quantum fluids enable experimental analogs and direct tests of the modified uncertainty principle expected to be valid at the Planck scale. We consider a quantum clock realized by a long-lasting quantum fluid wave-packet orbiting in a trapping potential. We investigate the hydrodynamics of the Schrödinger equation encompassing kinetic terms due to Planck-scale effects. We study the resulting generalized mechanics and validate the predictions by quantum simulations. Wave-packet orbiting generates a continuous amplification of the quantum gravity effects. The non-commutative variables in the phase-space produce a precession and an acceleration of the orbital motion. The precession of the orbit is strongly resembling the famous orbital precession of the perihelion of Mercury used by Einstein to validate the corrections of general relativity to Newton's theory. In our case, the corrections are due to the modified uncertainty principle. The results can be employed to emulate quantum gravity in the laboratory, or to realize human-scale experiments to determine bounds for the most studied quantum-gravity models and probe Planckian physics.
I. INTRODUCTION
The phenomenology of the modified fundamental laws of physics at the Planck scale attracts a large community of scientists.
[ [1] [2] [3] [4] [5] [6] [7] The challenge is to identify feasible experiments to test the apparently inaccessible limits of quantum mechanics and general relativity at the Planck scale. For example, very recently the possible observation of Planckian corrections to general relativity by space-based interferometers was foreseen. [8] The difficulties in realizing such large-scale experiments trigger studying quantum simulations. The simulations are realizable in Earth-based laboratories in a humanlife timescale. Beyond mimicking quantum-gravity theories, researchers also aim at realizing analog experimental models of black holes [9] [10] [11] , Hawking radiation [12] [13] [14] [15] , universe expansion [16] , dark-matter models [17] , and related phenomena. [18] [19] [20] The analogy is a fundamental tool in physics, and experimental and theoretical analogs may deepen our understanding of quantum gravity theories, [21] and of other challenging proposals as timeasymmetric quantum-mechanics. [22] [23] [24] A large amount of literature deals with the tantalizing need to modify the uncertainty principle (UP) and related non-commutative geometry. [25] A generalized UP (G-UP) arises in a theory-independent-way when assuming the existence of a minimal length scale, commonly (but not necessarily) identified with the Planck length ℓ P ≃ 10 −35 m. [26, 27] One can study GUP phenomenology and design experimental tests by corrections to elementary quantum mechanics. Many authors considered GUP cosmological dynamics, black-body radiation, maximal localization, and related developments. [28] [29] [30] Bounds to UP corrections were reported. [29] Authors also discussed possible human-scale laboratory tests with optomechanical and orbiting classical objects, [31] [32] [33] but the application of generalized quantum mechanics to the macroscopic world is questionable. [34] GUP analogs were considered in the fields of optics and relativistic Bose-Einstein condensates. [35] [36] [37] [38] [39] In this Letter, we study the orbital precession of a quantum fluid due to the non-commutative geometry induced by the GUP (Figure 1a) . Quantum fluids are studied in the vast literature concerning Bose-Einstein condensates (BECs), quantum nonlinear optics and polaritonics. [40] [41] [42] [43] [44] We consider a quantum fluid wave-packet with a non-vanishing angular momentum in a trapping potential. We show that the wave-packet elliptical orbit is perturbed by the quantum gravity effects. The longtime observation of many orbits evidences a precession and a delay. During orbiting, GUP phenomenology is amplified and makes accessible laboratory emulations and also experimental tests.
II. GENERALIZED SCHRÖDINGER EQUATION
We study the generalized Schrödinger -or GrossPitaevskii -equation (SE) for quantum fluids with trapping potential V in two or three spatial dimensions
Eq.
(1) describes a non-interacting atomic BEC, realized in the laboratory by employing the Feshbach resonance. [45] Eq. (1) also describes a polaritonic or photonic condensate. In the latter case, as extensively discussed in the literature, t corresponds to the propagation direction, andh must be replaced by the reduced light wavelength λ/2π. [46] Eq. (1) contains a kinetic term weighted by β, which has been considered in the GUP literature and arises from fundamental modifications to the geometry of the space-time at the Planck scale. [29] In the optical case, corrections to paraxial approximation introduce the ∇ 4 ψ term, and the ratio between λ and the beam waist determines β in a optical analogue to the GUP quantum-gravity. [36] For cold-atoms, higher order derivatives may arise from relativistic effects (not considered here), when the fluid velocity is comparable with the velocity of light c. [47] Another mechanism is the modification of the dispersion relation in models as doubly-special-relativity. [48] Lettingp = −ıh∇, the Hamiltonian in Eq. (1) iŝ
with the position vector r = (x, y, z) = x 1 , x 2 , x 3 . One introduces non-commutative coordinates by a new set of "high-energy" variables (X µ , P µ ), which, in the simplest case considered here, read (µ, ν = 1, 2, 3)
By
This is an example of non-commutative phase-space coordinates: at variance with standard quantum mechanics, the momentum and the position in different directions do not commute. ByP µ , Eq. (1) has the traditional form
but the commutation relations are modified. The simplest GUP effect is a shift ∆E k in the energetic levels of the eigenstates, [50] that is found to be ∆E k = β m k|p 4 |k = 4mβ k|V 2 |k . Such perturbations may eventually occur in optical and atomic quantum fluids, however they are very difficult to observe. [29] We consider a more accessible phenomenology related to the dynamics of a wave-packet orbiting in the potential.
III. HYDRODYNAMIC LIMIT AND HAMILTON EQUATIONS
We study a wave-packet initially located at r = x 2 + y 2 = r 0 that rotates with non-zero angular momentum (Fig. 1a) . The trajectory is found in the hydrodynamic approximation [51, 52] by letting ψ = A exp(ıS/h) withh → 0. [53] The Hamilton-Jacobi equation for S is [54, 55] 
By the classical Hamiltonian H(q, p) = p 2 /2m + (β/m)p 4 + V , we have ∂ t S + H(q, ∇S) = 0. Eq. (6) is solved by the Hamilton system with p = ∇S [55] 
We consider here a z − independent radial potential with polar symmetry: V = V (r). Two-dimensional condensates are routinely considered in the literature. [41, 44, 53] In polar coordinates (r, θ, z), with conjugate momenta (p r , p θ , p z ), we have
The corresponding Lagrangian does not depend explicitly on θ, hence the conjugate momentum p θ = l is conserved, and the motion occurs in the z plane, with p z = 0. By the conserved l, Eqs. (7) are written as
with V ′ = dV / dr and, for a parabolic potential,
. Figure 1b shows the numerical solutions of Eqs. (9) with r(0) = r 0 and p r (0) = 0. When β = 0 and l = 0, the orbit is elliptical (dashed line in Fig. 1b) . When β > 0 -continuous line in Fig. 1a -the orbit exhibits a precession (clockwise for l < 0, and counter-clockwise for l > 0). Fig. 1c shows the precession angle ∆ with the particle at t = 0, x = r 0 and y = 0.
IV. ORBITAL PRECESSION AND LINK WITH THE EINSTEIN SOLUTION
As the orbit rotates, the maximal position in the y coordinate is amplified as shown in Fig. 1d . This orbital enhancement of the GUP effect resembles the known gravity slingshot assist adopted to alter the speed of a spacecraft in orbital mechanics [56] : the radial acceleration at any turn emphasizes the phenomenology.
We remark that the precession can be related to noncommutative coordinates in the phase-space that arise because of the quantum gravity terms. If we introduce the classical counter-part of the generalized momenta (3),
, the Hamiltonian H is written as in the case β = 0:
However, while the Poisson brackets {r, p θ } = {θ, p r } = 0 vanish, [55] the corresponding quantities for the generalized momenta are {r, P θ } = r 2 {θ, P r } = 2βP r P θ .
Therefore, one has modified mechanics with noncommuting coordinates. In the following, we show that the precession is of the order of magnitude of the brackets in Eq. (13), revealing the link between the noncommutative geometry and GUP phenomenology. Eqs. (9) give the precession angle ∆ by dθ (14) with p 
The orbital period T is also altered by GUP. For a ∆θ = 2π, the relative variation
is compared with the numerical calculation in Fig. 2b . To further validate these arguments, it is also interesting to make a comparison with the analysis of the precession of the perihelion of Mercury, as originally considered by Einstein. [57] [58] [59] This comparison not only allows to derive an additional estimate of the precession, consistent with Eq. (15), but shows the way the kinetic term induces an effective force, as general relativity induces a correction to the Newton force. We consider a nearly circular orbit and write the orbit equation starting from the conservation of energy in Eq. (8) . By using dr/ dθ = p r r 2 /l from Eqs. (9) , and u = 1/r we have
with µ ≡ ( du/ dθ) 2 +u 2 andṼ (u) = V (1/u). By deriving Eq. (17) one obtains, at the lowest order in β
withṼ ′ (u) = dṼ / du. Eq. (18) for β = 0 furnishes the orbit equation; [55] for β > 0, an additional contribution to the effective potential perturbs the orbit. Eq. (18) is written as
with
representing the perturbation due to the modified uncertainty principle, which disappears for β = 0. For a nearly circular orbit u ≃ (1/r 0 ), and a parabolic potentialṼ (u) = mΩ 2 /(2u 2 ), the first term in the right hand side of (19) −mṼ
is nearly a constant, and plays the role of the gravitational field.
In a perturbative expansion in β, F in (19) produces a driving force term, as detailed in the following; such a term is in perfect analogy with the Einstein analysis of the Mercury orbit: We consider the solution for β = 0 representing an elliptical orbit with eccentricity e:
Eq. (21) is valid for the parabolic potential, similar results are obtained for other potentials as, for example, the Newtonian gravitational potential. The perihelion corresponds to maximal u for θ n = nπ with n = 0, 1, 2, ..... For β > 0, one adopts a perturbative expansion at the lowest order in the eccentricity e and β. The perturbation force F reads
The forcing term in (23) 
Hence the perihelion shifts for each half-orbit by an amount πβmΩl/2. Being l ∼ = mΩr 2 0 for nearly circular orbits, this result is consistent with the estimate above within numerical factors due to the definition of the precession angle. Eq. (26) shows that the GUP effect accumulates as the precession angle grows with n.
V. NUMERICAL SOLUTION OF THE SCHRÖDINGER EQUATION
We validate our theoretical analysis on the generalized SE Eq. (1) in two dimensions. We adopt dimensionless coordinates s = t/t N , u = x/w N , v = y/w N , with w 2 N = ht N /m, and t N = Ω −1 and we have from Eq. (1)
v , and ε = 8mΩβh. ε = 0 corresponds to the absence of GUP effects. At t = s = 0, a Gaussian wave-packet with waist w o is the initial condition:
In (28), the angular momentum is l =hk l u 0 . If ε = 0 and k l = 0, the wave-packet oscillates without orbiting in the y−direction (not reported). Fig. 3a shows the evolution, for ε = 0 and k l = 20, by various snapshots of |ϕ| 2 : the bottom panel reveals the elliptical orbit. When ε = 0.01, as in Fig. 3b , we have evidence of the predicted precession. Figure 3 shows representative simulations, similar results occurs for all the considered cases. Figure 4a shows a volumetric visualization of the solution of Eq. (27) for a longer timescale with respect to Fig. 3 , for β = ε = 0. Panels in Fig. 4 give the trajectories of the wave-packet center of mass, which, for ε = 0 do not reveal any precession. Figure 4b for ε > 0 demonstrates the precession and the reduction of the orbital period.
VI. PRECESSION IN ANALOGS AND REAL EXPERIMENTS WITH QUANTUM FLUIDS
To analyze possible experimental tests, we recall that β is typically expressed in terms of the dimensionless
with M P the Planck mass, and c the vacuum light velocity. According to some authors, β 0 < 10 34 that we adopt as an optimistic upper bound for a real test of GUP phenomenology. [29] For emulations, e.g., by paraxial light, we have β 0 = 10 55 . [36, 38] We consider a wave-packet at initial distance r 0 from the center of the potential with tangential velocity v 0 and |l| = mv 0 r 0 = p 0 r 0 . For a harmonic trap, the quantum fluid size is ℓ 
. For
87 Rb BEC, we have δT ≃ −10 −20 : after 10 6 orbits (15 hours of observation), one has a delay of 1fs. The bounds to the GUP become more precise when increasing the observation time. In the photonic simulation, one has 0.1 ps delay for 1 orbit.
VII. CONCLUSIONS
In conclusion, the longtime observation of an orbiting quantum fluid is a feasible experimental road to set limits to hypothetical Planckian corrections to the known fundamental physical laws. We predict that the orbit of a wave-packet in a trapping potential exhibits a precession with an intriguing connection with the well-known anomalous precession of the perihelion of Mercury, the first experimental test of general relativity. In our case, the precession is due to the modification of the uncertainty principle predicted by the most studied theories of quantum gravity. The analogy with the original Einstein's solutions addresses the existence of additional effective quantum forces occurring at the Planck scale.
If one considers the current optimistic estimate β 0 = 10 34 , even if the orbital period deviation due to quantum gravity is extremely small, it becomes accessible after a sufficiently large number of orbits because of the cumulative amplification during time. We do not know the value of β 0 , and laboratory experiments with quantum fluids seem a concrete possibility to set bounds to new theories at the Planck scale. A very precise metrological measurement of the period of a long-living BEC may explore the quantum gravity phenomenology.
In a notable addition, also quantum simulations and analogs with non-paraxial light, or polaritonic condensates, are well within current experimental possibilities. By quantum simulations, one may test the mathematical models, and also conceive improved frameworks for real probes of Planckian physics. This is specifically relevant for theories based on non-commutative coordinates, [60] for which experiments are lacking.
Our results establish a bridge between quantum simu- lations and true experimental tests, and may be extended to other quantum-gravity-inspired effects, also including nonlinearity. These will be addressed in future works.
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